Abstract. The correlator of vector heavy-quark currents at small q 2 is considered in the large-β0 limit. The leading IR renormalon ambiguity of the sum of the perturbative series is canceled by the UV renormalon ambiguity of the gluon condensate. Asymptotic behaviour of the perturbative series is obtained in a modelindependent way, up to a single unknown normalization factor. Gluon-virtuality distribution functions for the perturbative correction are calculated.
Introduction
Large-order behaviour of QCD perturbative series for various quantities is being actively investigated in recent years [1] . Most of the results are obtained in the large-β 0 limit: β 0 is considered a positive large parameter, and series in β 0 α s ∼ 1 are summed to all orders. Strictly speaking, this can only happen in QCD with n f → −∞ flavours. There is some empirical evidence that two-loop coefficients for many quantities are well approximated by their leading β 0 terms (naive nonabelianization [2] ). This does not mean, however, that the large-order behaviour of QCD perturbative series is reproduced by this limit. It should be viewed as a toy model demonstrating possible patterns of large-order behaviour of perturbative series, and having some similarity to QCD.
The correlator of light-quark vector currents has been investigated, at the first order in 1/β 0 , in the papers [3, 4] (see also [5] , where the result is presented as a double series, not as a single series [4] ). The result can also be rewritten as an integral representation with a transparent physical meaning [6] . Techniques [3, 4] of calculations at the first order in 1/β 0 are reviewed in [7] .
There is also a model-independent approach to the large-order behaviour of QCD perturbative series based on renormalization group [8, 9] . It allows one to find the leading asymptotic behaviour, as well as a few 1/L corrections to it (where L is the order of perturbation theory), but leaves some normalization constants undetermined. Some applications were considered in [10, 11, 12] .
In the present paper, we investigate the correlator of heavy-quark vector currents at q 2 ≪ m 2 , at the first order in 1/β 0 . We demonstrate that the leading infrared (IR) renormalon ambiguity in the perturbative part of this a grozin@particle.uni-karlsruhe.de b sturm@particle.uni-karlsruhe.de correlator is compensated by the UV renormalon ambiguity in the gluon condensate, which appears in the leading power correction (Sect. 3). We apply the renormalizationgroup based method to obtain the large-order behaviour of the perturbative series in a model-independent way, up to a single unknown normalization factor (Sect. 4). We find the gluon-virtuality distribution functions for the first two terms in the small-q 2 expansion of the correlator (Sect. 5).
2 Correlator up to 1/β 0
We consider the correlator
of two vector currents j µ =Qγ µ Q, and expand Π(q 2 ) in q 2 /m 2 (m is the mass of the heavy flavour Q). To the first order in 1/β 0 , the result can be obtained from diagrams like those in Fig. 1 . The integrals in the coefficients of small-q expansion can be explicitly calculated in Γ -functions [13] . The bare correlator can be written in the form
where N c is the number of quark colours, m 0 is the bare heavy-quark mass, d = 4 − 2ε is the space-time dimension,
is the β-function at the leading order in 1/β 0 (n f is the number of light flavours, T F is the normalization factor of the fundamental-representation generators t a defined by Tr t a t b = T F δ ab , C F and C A are the Casimir operators in the fundamental and the adjoint representations), the leading-order coefficients are
the functions F n have the form
(where
comes from a light-quark loop, γ is the Euler constant), and
. . .
The functions F n (ε, u) at n ≥ 1 are regular at the origin, and can be expanded in ε and u. Then the coefficient of 1/ε in the 1/β 0 term in the square bracket in (2) is [3]
where
We should re-express the correlator (2) via the renormalized mass: m 0 = Z m m(µ). The MS mass renormalization constant is, up to the 1/β 0 term,
(10) where dots mean higher powers of 1/ε, and the mass anomalous dimension is [3] 
.
(11) Terms with n ≥ 1 in Π(q 2 ) (2) expressed via m(µ) and α s (µ) must be finite at ε → 0. In particular, the coefficient of 1/ε must vanish; this happens if γ n (β) (9) is related to γ m (β) (11) by
This is indeed so, and not only for n ≥ 1, but also for n = 0 (where this does not follow from the above argument). We can also compare our result for Π(0) with the correlator of massless-quark currents [3, 4] . The 1/β 0 term in β 0 g 2 0 Π(0) can be rewritten as 4 3
The coefficient of 1/ε in this sum is given by the formula similar to (8) , with the anomalous dimension
. (15) These ultraviolet divergences of the diagrams of Fig. 1 don't feel the quark mass, and must be the same as in the massless case. Inserting the colour factors into the QED result [4] , we get the 1/β 0 term in β 0 g 2 0 Π(q 2 ) for massless quarks:
where the function F (ε, u) defined in [4] can be expressed via 3 F 2 hypergeometric function of unit argument. From the expression (12) in [4] for F (ε, 0), we obtain the same anomalous dimension (15).
IR renormalons in the correlator
When expressed via α s (µ) and m(µ), Π(q 2 )−Π(0) is finite at ε → 0:
It does not depend on µ; substituting the solution of the renormalization-group equations,
where γ m0 = 6C F and
we obtain the explicitly µ-independent form
At the 1/β 0 order,Â n can be expressed [4] via F n (0, u):
where β (3) is taken at µ = µ 0 , and
It is most convenient to use
(where m is the on-shell mass), then
and
Exact results for the correlator are known up to three loops [14] ; for higher loops, we only know the terms with the largest power of β 0 . The perturbative series forÂ 1,2 are presented in Appendix B. The three-loop coefficients are not approximated well by the β 0 terms (for n f = 4, 5).
The functions S n (u) (24) have IR renormalon singularities at u = 2, 3, . . . Therefore, the integral (21) is not well-defined. We can take the residue at the leading pole u = 2 as a measure of the ambiguity of this integral:
UV renormalon singularities at u = −1, −2. . . do not produce ambiguities in the sum of the perturbative series.
The T -product of the currents in (1) is given by the operator product expansion
which separates short-distance contributions -Wilson coefficients C i (q 2 ) and long-distance ones -vacuum averages of operators O i with dimensions d i . Until now, we discussed the Wilson coefficient C 0 (q 2 ) of the unit operator, or the perturbative part of Π(q 2 ). The leading power correction is given by the contribution of the lowest-dimensional operator -the vacuum condensate α s G a µν G a µν with dimension 4 [15] . Namely,Â n (21) contains the power correction [15] 
where N g = C F N c /T F is the number of gluon colours. The gluon condensate has an UV renormalon [16] . We give a simple derivation of its UV renormalon ambiguity in Appendix A. The full correlator must be unambiguous: the leading IR renormalon ambiguity of the leading Wilson coefficient C 0 (q 2 ) is canceled by the UV renormalon ambiguity of the vacuum condensate in the leading power correction. This explains why the leading IR renormalon is at u = 2. Combining (27), (29), and (60), we see that the renormalon ambiguities cancel if
And this is indeed so for N 1,2 (0, u) (25). Note that if we rewrite the correlator (17), (20) via the on-shell mass m,
then
where [17] 
has the leading IR renormalon at u = 1/2. Therefore, the coefficients in the perturbative series for A n grow much faster than forÂ n . This growth is dominated by the factor (m/m) 2n ; up to three loops, the exact perturbative coefficients in this factor, and hence in A n =Â n (m/m) 2n , are rather well approximated by the leading large-β 0 terms.
Structure of the leading IR renormalon
In this Section, we shall investigate the coefficients of the perturbative serieŝ
at L ≫ 1 using model-independent methods of [8, 9] (here µ 0 is defined by (23)). The Borel images of these series are
We can formally invert this transformation:
of course, this integral is ill-defined due to renormalon singularities at u > 0. These IR renormalon ambiguities ought to be compensated by power corrections to the correlator. Adding the gluon-condensate contribution [15, 18] we requirê
to be free of leading (∼ Λ
MS
) renormalon ambiguities. Here a 1 = 3/7, a 2 = 5/3 (see (29)), and the coefficients in the two-loop correction are [18] 
In fact, this correction has two colour structures C F and C A ; unfortunately, only the results for SU (3) c are presented in [18] . We can re-express
µ which is µ-independent to all orders. Substituting alsom/m, we see that
wherê
are free of leading renormalon ambiguities. The UV renormalon ambiguity of the µ-independent gluon condensate βG a µν G a µν can only be equal to Λ
times a dimensionless constant. We define
(see (60)). In the large-β 0 limit, N G = 1+O(1/β 0 ); in general, we cannot say much about this normalization factor, except that it is some (unknown) constant of order 1. Using
we see that the leading IR renormalon ambiguity ofÂ n should be equal to exp [−8π/(β 0 α s (µ 0 ))] times some fractional powers of α s (µ 0 ). In order to ensure this, the Borel images should have a branching point at u = 2:
where the dots mean a contribution regular at u = 2. Then
The requirement of the ambiguities cancellation determines the behaviour of S n (u) at u → 2:
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where a = 2β 1 /β 2 0 . This result is model-independent; the power of 2−u is exact. At the 1/β 0 order, the formula (46) reproduces the pole of (24) at u = 2.
The leading behaviour of c n,L at L ≫ 1 is determines, according to (36), by the singularity of S n (u) nearest to the origin. The leading contribution ∼ L!(−β 0 ) L comes from the UV renormalon at u = −1. It is sign-alternating, and thus not dangerous for the Borel summability. The leading fixed-sign contribution comes from the IR renormalon at u = 2. Calculating multiple derivatives of (46), we obtain for this contribution
The result (47) is also model-independent. It contains a single unknown normalization constant N G (common to all n). The power a of L in (47) For n f = 5, for example, the full coefficient of 1/L in (47) is of order 10 (for both n = 1 and 2); this means that this asymptotics is only applicable for L ≫ 10.
Virtuality distribution functions
The renormalization-group invariants (21) at the 1/β 0 order can be rewritten in the form of the leading (one-gluon) perturbative correction, but with the running (one-loop) α s under the integral sign [6] :
where gluon-virtuality distribution functions w i (τ ) are given by
If τ < 1, we can close the contour to the right, and find w i (τ ) as the sum of residues of the poles at u > 0 (IR renormalons). If τ > 1, the sum of the residues of UV renormalons (u < 0) is calculated instead. Our result is 
These functions are shown in Fig. 2 . The functions S n (u) (24) are regular at u = 0: the singularity of the first term is canceled by the second one. We may retain only the first term in (24) when calculating w n (τ ), and use the contour to the right of the origin if τ < 1 and to the left of it if τ > 1. This first term falls off fast when Im u → ±∞, and we may close the contour in any way we like. Therefore, the expressions for w n (τ ) for τ > 1 differ from those for τ < 1 by the residue of the first term at u = 0. In other words, the distribution functions contain θ(τ − 1) with the coefficient
as confirmed by (52). Such θ(τ − 1) terms appear in distribution functions when the leading (one-gluon) pertur-bative correction diverges, i.e., F (0, 0) = 0, see, e.g., [6, 7, 11] . The behaviour of w n (τ ) at τ → 0 is determined by the leading IR renormalon. It is at u = 2, and hence w n (τ ) ∼ τ 2 :
At τ → ∞, it is determined by the leading UV renormalon at u = −1:
UV renormalon singularities in S n (u) are double poles, and hence w n (τ ) behave not just as 1/τ , but contain logarithmic terms. The integrals (50) are ill-defined, just like (21). The one-loop running α s ( √ τ µ 0 ) has a pole at small τ = (e 5/6 Λ MS /m) 4 , and we integrate across it. The ambiguity is given by the residue; using the small-τ asymptotics (54), we reproduce (27).
Conclusion
In this paper, we have considered the correlator of two heavy-quark vector currents, expanded up to O(q 4 ), at the first order in 1/β 0 . The d-dimensional bare result is given by (2)-(7). All 1/ε divergences cancel in Π(q 2 ) − Π(0) expressed via the renormalized coupling and mass. The finite part is given by (20)-(26). This result contains highest powers of β 0 in all orders of perturbation theory, and can be used for checking future multiloop calculations. The Borel image S n (u) has IR renormalon singularities at u = 2, 3. . . making the series not Borel-summable. The corresponding ambiguities in the sum of the perturbative series for the correlator are compensated by the UV renormalon ambiguities of the vacuum condensates which appear in power corrections. This is explicitly demonstrated for the leading renormalon (u = 2) and the leading power correction (gluon condensate), at the order 1/β 0 .
The structure of this leading IR renormalon can be studied in a model-independent way, beyond the large-β 0 limit, on the basis of the renormalization-group properties of the gluon condensate. This singularity is a branching point (46), where the power of 2 − u is known exactly, and N G is an unknown normalization factor (one constant for all S n (u)). The leading fixed-sign asymptotics of the perturbative coefficients (47) is also a model-independent QCD result (we don't consider a larger alternating-sign contribution of the UV renormalon at u = −1, which is not dangerous for Borel summability).
The 1/β 0 -order results can be rewritten in the form of the leading (one-gluon) perturbative correction, but with the (1-loop) running α s under the integral sign. The functions in these integrals have the meaning of the distribution functions in the gluon virtuality in the one-gluon Fig. 2 . Their behaviour at small virtualities is determined by the leading IR renormalon; in our case, it is at u = 2, and contributions from small virtualities are strongly suppressed (as τ 2 ). The behaviour at large virtualities is determined by the leading UV renormalon at u = −1, and the contributions of large virtualities fall off slowly, as 1/τ (up to logarithms).
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A UV renormalon in the gluon condensate
Let's consider the perturbative contribution to the vacuum average of the bare operator g 2 0 G a 0µν G a 0µν with a sharp infrared cutoff λ (which should be large enough, so that the perturbation theory makes sense). This operator is not renormalized at one loop:
At the order 1/β 0 , we need to calculate diagrams in Fig. 3 . The result can be written as
N g = C F N c /T F is the number of gluon colours. The coefficient of 1/ε vanishes in (56), as expected, because F (ε, 0) = 0. Therefore, it is finite at ε → 0:
if we choose µ 0 = e −5/6 λ. The gluon condensate has UV renormalon at u = 2; its ambiguity is given by the residue:
B Perturbative series forÂ 1,2 
